Abstract. A rational map φ : P 1 → P 1 along with an ordered list of fixed and critical points is called a totally marked rational map. The space of totally marked degree two rational maps, Rat tm 2 can be parametrized by an affine open subset of (P 1 ) 5 . We consider the natural action of SL 2 on Rat tm 2 induced from the action of SL 2 on (P 1 ) 5 and prove that the quotient space Rat tm 2 / SL 2 exists as a scheme. The quotient is isomorphic to a Del Pezzo surface with the isomorphism being defined over Z[1/2].
Introduction
A rational map φ : P 1 → P 1 of degree two over a field k is given by a pair of homogeneous polynomials
such that φ 0 , φ 1 have no common roots. In non-homogeneous form φ may be expressed as φ(z) = az 2 + bz + c dz 2 + ez + f Let φ 0 (z) = az 2 + bz + c and φ 1 (z) = dz 2 + ez + f . We define Res(φ), the resultant of φ as the product (α,β):φ 0 (α)=φ 1 (β)=0
(α − β)
The condition that φ 0 , φ 1 have no common roots is equivalent to Res(φ) = 0. Let Rat 2 denote the space of degree two rational maps P 1 → P 1 . The fact was generalized by Silverman in [6] ; he showed M 2 is an affine integral scheme over Z and is isomorphic to A 2 Z . Inspired by Milnor [3] we consider a rational map along with an ordered list of its fixed and critical points. Since a rational map of degree two is completely determined by its fixed and critical points, we dispose of the map and focus on ordered lists of fixed and critical points. We refer to this as the space of totally marked degree two rational maps, Rat tm 2 . It can be viewed as an affine open subvariety of (P 1 ) 5 .
Let p 1 , p 2 , p 3 , q 1 , q 2 be an ordered list of fixed points and critical points of some degree two rational map. The natural action of the special linear group SL 2 on (P 1 ) 5 induces an action on Rat denote the space of totally marked degree two rational maps. Consider the following action of SL 2 on Rat
Then the moduli space Rat tm 2 / SL 2 is isomorphic to a Del Pezzo surface and the isomorphism is defined over Z[1/2].
Recall that a cubic in P 3 is a Del Pezzo surface. We give the explicit equation of the surface in §5. The above theorem generalizes a similar result by Milnor [3] over C. The two most significant facts which allow us to prove the theorem above are:
(a) The fixed points and critical points of a degree two rational map determine the map completely. (b) The three cross ratio's formed by selecting both critical points and selecting two out of the three fixed points at a time (see Definition 3.1) are SL 2 invariant functions on Rat tm 2 . Observe that for φ :
in characteristic two. Thus the notion of a totally marked rational map is not well defined in characteristic two, so the isomorphism in theorem above cannot be defined over Z. The moduli space of totally marked degree two rational maps, M tm 2 is a 12-to-1 cover of M 2 . Indeed, the map M In §2 we prove some basic facts about degree two rational maps. In §3 we decribe the moduli scheme of totally marked degree two rational maps M tm 2 , followed by the moduli functor for totally marked degree two rational maps, M tm 2 in §4. We prove that the moduli scheme M tm 2 is a coarse moduli scheme for the functor M tm 2 . Finally in §5 we prove our main result. Notation/Conventions: Thoughout this article we fix k to be a field of characteristic different from two. We denote the fixed points by p 1 , p 2 , p 3 and critical points by q 1 , q 2 .
Preliminaries
Lemma 2.1. Let φ : P 1 → P 1 be a rational map of degree two defined over Z[1/2] such that the resultant of φ, Res(φ) is nonzero. Then φ has two distinct critical points.
Proof. Let φ(z) = az 2 + bz + c dz 2 + ez + f and denote the fixed points of φ by p 1 , p 2 , p 3 . We split the proof in two cases.
Case 1: Suppose there is a fixed point of multiplicity three. Without loss of generality we may assume p 1 has multplicity three. Then
) with an appropriate change of coordinates if p 1 = ∞.
Case 2: Suppse there is no fixed point with multiplicity three. Without loss of generality we may assume that p 2 = p 3 . Applying a change of coordinates we let
In both cases it can be easily verified that the critical points are distinct. Lemma 2.2. Let φ : P 1 → P 1 be a rational map of degree two defined over
Then φ is uniquely determined by its fixed points and critical points.
Proof. Let φ(z) = az 2 + bz + c dz 2 + ez + f and denote its fixed and critical points by p 1 , p 2 , p 3 and q 1 , q 2 respectively. By the previous lemma we know q 1 = q 2 , so we may assume q 1 = 0 and q 2 = ∞. Observe that q 1 = 0 and q 2 = ∞ ⇐⇒ ae − bd = 0 and bf
Therefore, hence the rational map φ is uniquely determined by its fixed points and critical points.
where π i : (P 1 ) n → P 1 is the projection on the i th factor.
be non-homogeneous coordinates on (P 1 ) 5 . Fix the linearization m = (1, 1, 1, 2, 2) on (P 1 ) 5 and denote it by
where (i, j, k) is any permutation of (1,2,3). We define the space of totally marked degree two rational maps as
is an ordered set of fixed points and critical points of a degree two rational map. Observe that if ξ 1 = 0 and ξ 2 = ∞, A priori, for an algebraically closed field k the quotient M tm 2 (k) exists as a set. We shall show that this set is isomorphic to a Del Pezzo surface, whenever char(k) = 2. We now describe the set of stable and semistable points of projective space. This is well known, we recall it here for the reader's convenience. The set of stable and semistable points of a scheme (say V ) are denoted by V s and V ss respectively.
(resp. the strict inequality holds).
Proof.
[1], p. 172.
Corollary 3.4.
Using Corollary 3.4 with the linearization m = (1, 1, 1, 2, 2) we have,
The equality in (1) follows from Corollary 3.4 and the inclusion Rat
The choice of linearization (1, 1, 1, 2, 2) is not arbitrary. If we use the linearization (1, 1, 1, 1, 1) , then by Corollary 3.4 it can be verified that (1, 1, 1 
The rational map (3z 2 + 1)/(z 2 + 3) has a triple fixed point at 1 and critical points at 0 and ∞.
Theorem 3.5. Using the notation above and the linearization m = (1, 1, 1, 2, 2) we have:
(a) The space of totally marked degree two rational maps, Rat tm 2 is an SL 2 -invariant open subset of the stable locus (( [4] , Chapter 1, and over Z[1/2] it follows by essentially the same methods using Seshadri's theorem that a reductive group scheme is geometrically reductive (see [4] and [5] Proof. Let S be an arbitary scheme and (p 1 , p 2 , p 3 , q 1 , q 2 ) ∈ Rat tm 2 (S). By Lemma 2.2 there exists a unique rational map φ : P 1 S → P 1 S with fixed points p 1 , p 2 , p 3 and critical points q 1 , q 2 . Let r i , s j be the sections of P 1 S → S corresponding to the fixed and critical points. This gives a well defined map
maps the sections r i , s j to the corresponding fixed and critical points and forgets φ. Thus the scheme Rat Proof. Let S be a arbitrary scheme over Z[1/2], [η] ∈ M tm 2 (S) and (φ, r 1 , r 2 , r 3 , s 1 , s 2 ) ∈ Rat tm 2 (S) be a representative of [η] . Let (p 1 , p 2 , p 3 , q 1 , q 2 ) ∈ Rat tm 2 be the image of (φ, r 1 , r 2 , r 3 , s 1 , s 2 ) along the map defined in (3) . Taking the quotient of (p 1 , p 2 , p 3 , q 1 , q 2 ) by SL 2 we get the image of [η] in Hom(−, M For any algebraically closed field k of characteristic different than two,
The map SL 2 → PGL 2 is surjective hence the quotients are the same.
Main Theorem
Recall that Rat
where (i, j, k) is any permutation of (1,2,3). We shall show that the cross ratios r i are SL 2 -invariant functions on the quotient space M tm 2 and they uniquely determine the conjugacy class. 
Proof. Two elements (p
where p i denote the fixed points and q i denote the critical points. Note that each cross ratio is determined by selecting two of the three fixed points and both critical points. If Proof. Let (ω 1 , ω 2 , ω 3 , ξ 1 , ξ 2 ) be any element of M tm 2 . The map from M tm 2 → W is given by r i = (ω j − ξ 1 )(ω k − ξ 2 ) (ω j − ξ 2 )(ω k − ξ 1 ) where (i, j, k) is any permutation of (1, 2, 3). We now construct the inverse. Without loss of generality we may assume that one of ω 1 , ω 2 , ω 3 is finite
